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The role of higher cantilever modes is important to obtain some material contrast. The analysis of AFM subjected to a
short-range force can improve greatly the studies of surface topography and interaction energies and interaction forces,
especially for chemistry and biology materials. When the tip-sample distance is in the order of inter-atomic spacing, the
short-range tip-sample force is usually simulated by the Lennard-Jones model. In typical AFM experiments the cantilever
is inclined at an angle to the substrate surface. In this study, the analytical method to determine the frequency shift of
AFM scanning the relative inclined surface, subjected to the Lennard-Jones force is proposed. The inclined angle may
be the angle between the probe and the scanning table or due to the inclined plane and the roughness of sample surface.
The closed-form solution of the partial diﬀerential equation with a nonlinear boundary condition is derived and then the
corresponding frequency shifts of higher modes can be determined easily. The perturbation method transforming a con-
tinuous system into the lumped-masses one for determining the frequency shift will lead to an error. Although the above
disadvantage exists, the lumped-masses model is simple and intuitive. Therefore, using the principle of dynamic strain
energy, the conventional perturbation method is revised to determine the frequency shifts of higher modes in scanning
an relative inclined surface. Further, the ratio relation among the frequency shifts is discovered. Moreover, it is found that
the eﬀect of the relative inclined angle on the ﬁrst three frequency shifts is signiﬁcant.
 2006 Elsevier Ltd. All rights reserved.
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Atomic force microscopy (AFM) is now widely used for imaging the surfaces of materials from the microm-
eter to the subnanometer scale. In general, the principle of dynamic measurement of AFM is divided into two
modes: (1) amplitude-modulation (AM) and (2) frequency-modulation (FM) (Garcia and Perez, 2002;0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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800 S.-M. Lin et al. / International Journal of Solids and Structures 44 (2007) 799–810Giessibl, 2003). Tapping-mode AFM is the most used scanning probe method for the characterization and
modiﬁcation of variety of materials such as DNA, antibodies, polymers, and silicon surface. Recently, several
experimental contributions have emphasized the role of higher cantilever modes to obtain some material con-
trast in AM mode (Rodriguez and Garcia, 2002; Stark et al., 1999). Glatzel et al. (2003) and Sommerhalter
et al. (2000) proposed that the ﬁrst resonance is assigned for the topography and the second resonance for
the potential measurement in FM mode. The detailed knowledge on dynamic behavior of higher modes is use-
ful for analyzing the vibration consisting of several modes such as AM and FM tapping-mode motion.
Considering the FM-mode principle, many investigators investigated the eﬀects of material and geometric
parameters, the damping, the electrostatic force, and the amplitude of excitation on the frequency shift and the
phase change. Giessibl (1997) investigated the ﬁrst frequency shift of non-contact mode by using the lumped
mass model and the perturbation method. It was found that when the tip-sample force was in an inverse power
law, the frequency shift could be expressed in the integral form. Ho¨lscher et al. (1999) further derived the ﬁrst
frequency shift solution of the integral for the power order of n 6 6. Sasaki et al. (1998) investigated the ﬁrst
frequency shift of non-contact mode by using the lumped mass model and Lennard-Jones potential model,
and Poincare’s method. Rabe et al. (1966) studied vibration a uniform beam without tip mass. The interacting
force between the tip and the sample surface is simulated by a linear spring. The model is unsuitable because
the real interacting force is nonlinear. Weigert et al. (1996) determined the ﬁrst frequency of a uniform beam
without tip mass in diﬀerent media. Sokolov et al. (2000) investigated the suitability of Lennard-Jones poten-
tial model. An accurate analysis can improve greatly the studies of surface image and interaction energies and
interaction forces. Moreover, an analytical calculation is important for ﬁnding the functional relationships
between operational parameters and the physical tip-sample force. Sader et al. (2005) derived formulae to eval-
uate the interacting force simply and accurately for any amplitude of oscillation. Lin (2005) derived the ana-
lytical solution for the frequency shift of a non-contact mode AFM subjected to van der Waals force. The
original distributed system and the original nonlinear force boundary condition were considered. It was found
that the force gradient method was eﬀective only for the limited case of small resonance amplitude. Moreover,
Glatzel et al. (2003) and Sommerhalter et al. (2000) found via the experimental method that the second res-
onance for the potential measurement in FM mode was proposed.
Considering the AM-mode principle, the eﬀects of material and geometric parameters, the damping and the
amplitude of excitation on the resolution of measurement were investigated (Garcia and Perez, 2002). More-
over, a few theoretical descriptions based on a continuous model have been developed to describe the higher
oscillation modes of the cantilever (Rodriguez and Garcia, 2002; Stark et al., 1999). Rodriguez and Garcia
(2002) investigated the tip motion in amplitude modulation AFM with structural damping. It was found that
higher harmonics contribution might play a dominant role in low-Q environments. Stark et al. (1999) deter-
mined the ﬁrst ﬁve eigenmodes of a V-shaped silicon cantilever by using the ﬁnite element method. They found
that phase imaging in the third mode was extremely sensitive to surface inhomogeneities and surface contam-
ination particles not visible in standard TM-AFM. Stark and Heckl (2000) considered the displacement to be
composed of several eigenfunctions. The eigenfunction was that of beam without the damping and the non-
linear interaction force.
Lin et al. (in press) presented the analytical solution of the frequency shift of an AFM V-shaped probe scan-
ning the relative inclined surface in non-contact mode. In this study, the closed-form solutions for the fre-
quency shift of several modes of an AFM non-uniform probe scanning the relative inclined surface,
subjected to the Lennard-Jones force are derived. The original distributed system and the original nonlinear
force boundary condition are considered. The generalized perturbation method is further derived to determine
the frequency shifts of higher modes of a cantilever scanning an inclined surface. The assessment of the gen-
eralized perturbation method and the propose method is made. Finally, the eﬀects of several parameters on the
frequency shifts and eigenfunctions are investigated.
2. Governing equation and boundary conditions
In general, the surface of sample is not a perfect plane. In measuring the topography of sample, the tip of
probe is not perpendicular to the surface of sample. For eliminating the error of measurement, the dynamic
theory of a beam scanning an inclined surface is investigated, as shown in Fig. 1. Because in TM-AFM the
S.-M. Lin et al. / International Journal of Solids and Structures 44 (2007) 799–810 801amplitude is greatly less than the thickness and the length of beam, the Euler–Bernoulli beam theory is con-
sidered. The corresponding governing equation of motion is (Lin et al., in press; Meirovitch, 1967):Fig. 1.
systemo2
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o2W
ox2
 
þ qA o
2W
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¼ 0: ð1ÞThe beam is clamped at x = 0. The deﬂection and the slope of the deﬂection curve must be zero at x = 0:W ¼0; ð2Þ
oW
ox
¼0: ð3ÞThe beam is attached to a tip at the free end. Consider the equilibrium of moment at x = L:EI
o2W
ox2
¼ F LH sin h; ð4Þwhere the right-handed term is the bending moment due to the interacting force. H is the length of tip. h is the
inclined angle of surface. In general, the interacting force between a spherical apex and a planar surface is per-
pendicular to the surface plane. If the tip is not perpendicular to the surface plane, the lateral force to the tip
will occurs. Consequently, there exists a moment to the end of probe. Consider the equilibrium of shear force
at x = L:o
ox
EI
o2W
ox2
 
 mt o
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¼ F L cos h ð5Þ(a) Geometry and coordinate system composed of an inclined probe and a horizontal scanning table. (b) Geometry and coordinate
scanning an inclined surface. (c) Coordinate of a lumped-mass system scanning an inclined surface.
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the tip mass.W is the ﬂexural displacement. E is the Young’s modulus. x is the coordinate along the beam. L is
the length of the beam. A and I denote the cross sectional area and the area moment of inertia, respectively. q
is the mass density per unit volume.
It is well known that the tip-sample forces are usually divided into long-range and short-range forces.
For instance, the van der Waals and the electrostatic forces are long-range. The chemical bond force is
short-range. In chemistry and biology, emphasis is placed almost entirely on the short-range force ﬁelds
around atoms and molecules (Lin, 2001). When the tip-sample distance D is in the order of inter-atomic
spacing or D 6 2r (r is the equilibrium distance), based on the Pauli’s exclusion principle, chemical bonding
and a repulsive force can occur. This is usually modeled by a phenomenological Lennard-Jones potential.
The Lennard-Jones force combines the attractive van der Waals and repulsive atomic forces (Giessibl,
1997):F L ¼ 12Ebr
r
D
 13
 r
D
 7 
ð6ÞThe tip-surface distance D = D0 W(1, t)cosh. Eb is the bonding energy.
The following dimensionless quantities are taken:bðnÞ ¼ EðxÞIðxÞ
Eð0ÞIð0Þ ; D ¼
D
r
; D0 ¼ D0r ;
Eb ¼ EbL
3
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;
ð7Þwhere the equilibrium distance r is considered to be the characteristic length. This is for avoiding the numer-
ical transaction error. In terms of the dimensionless parameters the dimensionless governing diﬀerential equa-
tions of the system are:o2
on2
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on2
 
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¼ 0: ð8ÞThe dimensionless boundary conditions are
at n = 0:w ¼0; ð9Þ
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In general, it is diﬃcult to derive the analytical solution of the system with a nonlinear boundary condition.
To solve this problem the following analytical method is proposed.3.1. Variable of separation
The dynamic solution is assumed:wðn; sÞ ¼ wðnÞ cosxs; ð13Þ
where x is the dimensionless frequency, X
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qð0ÞAð0ÞL4=Eð0ÞIð0Þ
q
. Substituting it into the governing Eq. (9)
and the boundary conditions (10)–(13), the governing Eq. (9) becomesd2
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 
 mðnÞx2w ¼ 0; n 2 ð0; 1Þ: ð14ÞThe boundary conditions (10)–(13) become
at n = 0:w ¼0; ð15Þ
dw
dn
¼0; ð16Þ
at n = 1:
bð1Þ d
2w
dn2
cosxs ¼ fLH sin h; ð17Þ
d
dn
bðnÞ d
2wðnÞ
dn2
 
cosxsþ mx2w cosxs ¼ fL cos h: ð18ÞMultiplying Eqs. (17) and (18) by cosxs and integrating it from 0 to the period T, 2p/x, Eqs. (17) and (18)
become, respectively,bð1Þ d
2w
dn2
¼ f LH sin h; ð19aÞ
d
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b
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 
þ x2 mw
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¼ f L cos h; ð19bÞwhere f L ¼ 2T
R T
0 fLðDÞ cosxsds ¼ 1p
R 2p
0 fLðDÞ cos xdx. Substituting fL listed in Eq. (7) into the integral, one can
obtain:f L ¼ 12Eb
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)
ð19cÞ
where ~w ¼ wð1Þ cos h.
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obtains:bð1Þ d
2wð1Þ
dn2
cos h H sin h d
dn
b
d2w
dn2
 
þ x2 mw
 
n¼1
¼ 0: ð19dÞ3.2. Frequency equation
The solution of Eq. (14) can be written as:w ¼ C1V 1ðnÞ þ C2V 2ðnÞ þ C3V 3ðnÞ þ C4V 4ðnÞ ð20Þ
where Vi(n), i = 1, 2, 3, 4 are the four linearly independent fundamental solutions of Eq. (16), which satisfy the
following normalized condition:V 1ð0Þ V 2ð0Þ V 3ð0Þ V 4ð0Þ
V 01ð0Þ V 02ð0Þ V 03ð0Þ V 04ð0Þ
V 001ð0Þ V 002ð0Þ V 003ð0Þ V 004ð0Þ
V 0001 ð0Þ V 0002 ð0Þ V 0003 ð0Þ V 0004 ð0Þ
2
6664
3
7775 ¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
2
6664
3
7775: ð21ÞSubstituting Eq. (20) into the boundary conditions 15,16,19d, the general solution becomeswðnÞ ¼ C3 V 3ðnÞ  a3a4 V 4ðnÞ
 
: ð22Þwhere ai ¼ H sin h bð1ÞV 000i ð1Þ þ b0ð1ÞV 00i ð1Þ þ x2 mV ið1Þ
 þ cos hbð1ÞV 00i ð1Þ. Substituting Eq. (22) into Eq.
(19b), the frequency equation is obtained as follows:c3 bð1Þ V 0003 ð1Þ 
a3
a4
V 0004 ð1Þ
 
þ b0ð1Þ V 003ð1Þ 
a3
a4
V 004ð1Þ
 
þ x2 m V 3ð1Þ  a3a4 V 4ð1Þ
  
 f L cos h ¼ 0: ð23ÞIt is observed from Eq. (23) that the frequencies of oscillation are dependent on the amplitude of oscillation at
the tip. Given the amplitude wð1Þ, the exact corresponding frequencies can be easily determined via Eq. (23) by
using the numerical method proposed by Lin (2001).
It should be noted that if the tip-surface distance is large enough, the eﬀects of the interacting surface force
is neglected. The frequency Eq. (23) becomesbð1Þ V 0003 ð1Þ 
a3
a4
V 0004 ð1Þ
 
þ b0ð1Þ V 003ð1Þ 
a3
a4
V 004ð1Þ
 
þ x2 m V 3ð1Þ  a3a4 V 4ð1Þ
 
¼ 0: ð24aÞThe ith root of Eq. (24a) is the ith natural frequency fi of a cantilever beam with a tip and without the inter-
acting surface force. The corresponding ith eigenfunction can be derived by reducing Eq. (22) as follows:wiðnÞ ¼ C3 V 3;iðnÞ 
V 003;ið1Þ
V 004;ið1Þ
V 4;iðnÞ
" #
: ð24bÞ4. Generalized perturbation method
Without consideration of the eﬀect of inclined angle, i.e., h = 0, Giessibl (1997) investigated the frequency
shift in dynamic force microscopy by the perturbation method. The distributed parameter system is simulated
by a concentrated mass one. If the maximum restoring force is larger than the maximum attraction
kW ð1Þ  F max, and the cantilever is driven at its shifted resonance frequency, the shift Dfi = f  fi where f
and fi are the ith natural frequencies with and without the interacting surface force, can be described by
the following perturbation equation:
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kiA
2
0
1
T
Z T
0
Fwdt; ð25Þwhere F is the interacting force. ki is the eﬀective spring constant of beam. It is well known (Sarid, 1994) that
the eﬀective spring constant is deﬁned by two ways: (1) The eﬀective spring constant is called as a static spring
constant and is derived by k1 = jF/zj, where F is the force acting on the spring and z the resultant deﬂection.
For example, the eﬀective spring constant k1 of a cantilever uniform beam is k1 = 3EI/L
3. (2) Another deﬁni-
tion of the eﬀective spring constant k is called as a dynamic spring constant and derived from the potential
energy of a deformed spring, P ¼ 1
2
kz2. The eﬀective spring constant is k = o2P/oz2. If the two eﬀective spring
constants are used to determine the frequency shift of the ﬁrst mode, the numerical results were consistent with
the experimental ones (Giessibl, 1997). However, deriving the second frequency shift by using the eﬀective
spring constant of the ﬁrst kind leads to signiﬁcant error. It is the reason that when the cantilever is in the
motion of high mode, the corresponding dynamic spring constant must be considered. Moreover, the dynamic
spring constant of higher mode diﬀers greatly from the static spring constant (Sader et al., 2005).
Based on the above truth, the ith-mode dynamic spring constant ki in the lumped-mass system is assumed
to be equal to the beam potential energy in the ith-mode shape wi.1
2
kiA
2
0 ¼
1
2
Z L
0
EI
d2wi
dx2
 2
dx; ð26Þwhere the right-hand term of Eq. (26) is the potential energy of the eﬀective spring. The left-hand term is the
beam potential energy in the ith eigenfunction without the eﬀect of interacting force. Their amplitudes are
same as ‘‘A0’’. Substituting the eigenfunction (24b) into Eq. (26), one obtains the dynamic spring constant
of the ith mode:ki ¼ ai EIð0Þ
L3
; ð27aÞwhereai ¼
Z 1
0
b V 003;iðnÞ 
V 003:ið1Þ
V 004;ið1Þ
V 004;iðnÞ
" #2
dn V 3;ið1Þ 
V 003;ið1Þ
V 004;ið1Þ
V 4;ið1Þ
" #2
:
,
ð27bÞSubstituting the dynamic spring constant ki and the natural frequency fi into Eq. (25), the frequency shift of
the ith mode can be determined:Dfi ¼ fiki w ¼
xi
ai
wL
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
qð0ÞEð0ÞAð0ÞIð0Þ
s
; ð28Þwhere xi is the dimensionless natural frequency. Eq. (28) reveals that the geometry of probe decides the coef-
ﬁcient xi/ai and frequency shift. It is revealed that if the frequency shift coeﬃcient xi/ai, the geometry and
material properties of both probe and sample are given, the ith frequency shift Dfi are determined via Eq.
(28). Moreover, the ratio of the ith frequency shift to the jth one is Dfi:Dfj = xi/ai:xj/aj.
The following harmonic response of beam is assumed:w ¼ A0 cosð2pfitÞ; ð29Þ
where A0 is the tip amplitude of oscillation.
In this study, the perturbation method is modiﬁed for scanning an inclined plane. The eﬀective spring-mass
system is shown in Fig. 1(c). The inter-atomic force acting to the eﬀective spring-mass system in the direction
of oscillation can be expressed as:F ¼ F LðDÞ cos h; ð30aÞ
where D is the tip-surface distance perpendicular to the incline planeD ¼ D0  A0 cos h cosð2pfitÞ: ð30bÞ
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[b = m
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0
F ðDÞ cos h cosð2pfitÞdt: ð31ÞThe solution of the integral (31) for the Lennard-Jones force (6) is derived here:Dfi ¼ fiki w; ð32aÞwherew¼6Eb cosh
rA0
D0A0 168D40 þ 420D20A20 þ 105A40
	 

24 D20 A20
 13=2
(
 207567360D
11
0 A0þ 2854051328D90A30þ 8562153472D70A50þ 7491884544D50A70þ 1872971136D30A90þ 93648555D0A110
 
15966720 D20 A20
 25=2
)
A0 ¼ A0 cosh: ð32bÞ
It should be noted that because this approximate system is one degree of freedom and the eﬀect of the lateral
force can be not considered.5. Numerical results and discussion
Giessibl (1997) investigated the ﬁrst frequency shift by reducing the continuous system into a discrete
lumped-mass one and using the perturbation method. The numerical results were consistent with the experi-
mental ones. In this study, the principle of the perturbation method is generalized to determine the frequency
shifts of higher modes. The comparison of the numerical results determined by the proposed analytical
method and the generalized perturbation method is made here. Moreover, the inﬂuence of parameters on
the ﬁrst three frequency shifts is investigated.
Consider a tapered beam as a probe. The material properties and the height of the beam are assumed to
be constants and the width of the beam is varied linearly with the taper ratio ‘k’. Its width is
w(x) = w0(1  kx/L). A tapered beam is easily manufactured as follows. First, a straight beam with constant
thickness and constant width w0 is manufactured. Finally, cut down the straight beam to a tapered one while
maintaining the same width w0 at the base. Its dimensionless bending rigidity and mass per unit length are
b = m = 1  kn. Its dynamic spring coeﬃcients for diﬀerent taper ratio are determined and listed in Table 1.
It is observed from Table 1 that larger the taper ratio k is, smaller the eﬀective spring coeﬃcient ai. Fig. 2
shows the inﬂuence of the taper ratio on the frequency shift coeﬃcient xi/ai. If the beam is uniform,
k = 0, and the tip mass is neglected, the ﬁrst three frequency shift coeﬃcient {xi/ai, i = 1, 2, 3} are1
ces of taper ratio and the tip mass on the ﬁrst three eﬀective spring constant coeﬃcient ai of a cantilever tapered beam
= 1  kn, ki = aiEI/L3
m ¼ 0 m ¼ 0:001
a1 a2 a3 a1 a2 a3
3.09059 121.37970 951.63657 3.08983 122.17893 963.79775
3.07838 116.83124 907.05618 3.07758 117.67212 919.80969
3.06667 111.84704 858.87179 3.06581 112.73424 872.28955
3.05558 106.33963 806.41445 3.05466 107.27845 820.58237
3.04529 100.19608 748.80102 3.04429 101.19245 763.82214
3.03599 93.26850 684.82981 3.03490 94.32875 700.82680
3.02794 85.36082 612.80690 3.02673 86.49094 629.92065
3.02146 76.21148 530.25021 3.02006 77.41479 548.62111
3.01705 65.47707 433.40165 3.01528 66.74650 453.07562
3.01636 52.75793 316.74121 3.01349 54.04223 337.16974
0 0.2 0.4 0.6 0.8 1
0
0.4
0.8
1.2
1.6
2
2.4
ω1/α1
ω2/α2
ω3/α3
λ
Fig. 2. Inﬂuence of the taper ratio on the frequency shift coeﬃcient xi/ai. [b = m = 1  kn, solid line: m ¼ 0; dashed line: m ¼ 0:001].
S.-M. Lin et al. / International Journal of Solids and Structures 44 (2007) 799–810 807{1.1377, 0.1815, 0.0648}. It is implied that Df1:Df2:Df3 = 1.1377: 0.1815: 0.0648. Larger the taper ratio k is,
larger all the frequency shift coeﬃcient xi/ai. It is implied, based on Eq. (31) that the frequency shifts of a
tapered beam are greatly larger than those of a uniform beam. In other words, a tapered beam has larger
sensitivity of measurement.
Assume that the probe is set up with an inclined angle h, relative to the horizontal scanning table. The
surface of sample is horizontal, as shown in Fig. 1(a). The tip-surface distance D0 with respect to the hori-
zontal position represents the topography of surface. Fig. 3 shows the inﬂuence of the inclined angle h and
the tip-surface distance D0 on the ﬁrst three frequency shifts of a uniform probe. Moreover, the numerical
results determined by the proposed analytical method and the generalized perturbation method are
compared.
Here the domain of the tip-surface distance D0 where there exists a signiﬁcant frequency shift, is denoted
as an eﬀective domain. It is found from Fig. 3 that the eﬀective domain of measurement depends signiﬁcantly
on the inclined angle. The larger the inclined angle is, the larger the shift of eﬀective domain relative to that
with h = 0. In the conventional measurement, the scanning table can approach automatically to the eﬀective
domain. The eﬀect of domain shift on the resolution of measurement may be neglected. However, the fre-
quency shifts are aﬀected obviously by the direction and the magnitude of the inclined angle. It will aﬀect
the resolution. Fig. 3 shows also that the smaller the amplitude of oscillation is, the larger the frequency shift.
Comparison of the frequency shifts determined by the proposed analytical method and the generalized per-
turbation method is shown in Fig. 3. When the tip-surface distance is large, the interacting force and the
frequency shift are small. The frequency shifts determined by the proposed analytical method and the per-
turbation method are very consistent. When the tip-surface distance is decreased, the attractive force
increases and the resonant frequency is decreased greatly. The frequency shifts determined by the two
methods are diﬀerent. Moreover, the eﬀect of the inclined direction, positive or negative, cannot be pre-
sented. The reason is that when the inclined angle is given, the probe must be subjected to an extra moment
due to the interacting force. But the continuous system is transformed into a discrete lumped-mass one in the
perturbation method. Only the force in the direction of oscillation is considered and the extra moment is
neglected.
Assume that the direction of probe oscillation is perfectly perpendicular to the horizontal scanning table.
An inclined surface of sample is scanned, as shown in Fig. 1(b). The tip-surface distance D0/cosh with respect
to the horizontal position represents the topography of surface. Fig. 4 shows the inﬂuence of the inclined angle
h and the tip-surface distance D0/cosh on the ﬁrst three frequency shifts of a taper probe. Fig. 4 is similar to
Fig. 3. However, the shift of the eﬀective domain in the coordinate of D0/cosh is diﬀerent to that in the coor-
dinate of D0.
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Fig. 3. Inﬂuence of the inclined angle h and the tip-surface distance D0, perpendicular to the surface on the ﬁrst three frequency shifts of a
uniform beam made of SiO2, determined by the perturbation method (dashed line) and proposed method (solid line) [width of beam
B = 65 lm, thickness of beam h = 4 lm, H = 6 lm, L = 200 lm, E = 70.3 · 109 Pa, q = 2.5 · 103 kg/m3, mt = 3.18 · 1013 kg,
r = 0.4 nm, Eb = 1 eV, f1 = 85245.79 Hz, f2 = 534247.67 Hz, f3 = 1495962.49 Hz].
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Fig. 4. Inﬂuence of the inclined angle h and the tip-surface distance D0/cosh, in the direction of tip oscillation on the ﬁrst three frequency
shifts of a tapered beam [b = m = 1  0.2n, width of beam at x = 0, B = 65 lm, h = 4 lm, H = 6 lm, L = 200 lm, R = 50 nm, E = 70.3 ·
109 Pa, q = 2.5 · 103 kg/m3, mt = 3.18 · 1013 kg, r = 0.4 nm, Eb = 1 eV, f1 = 91140.86 Hz, f2 = 544967.13 Hz, f3 = 1505274.34 Hz].
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In this study, the analytical solution for the ﬁrst three frequency shifts of a non-uniform probe scanning an
inclined surface, subjected to the Lennard-Jones force is obtained. The vibration behaviors of several modes
presented are useful for analyzing the vibration consisting of several modes. Moreover, a generalized pertur-
bation method is derived to determine the frequency shift of higher mode in scanning an relative inclined sur-
face. The ratio of the ith frequency shift to the jth one is discovered to be Dfi:Dfj = xi/ai:xj/aj. Finally, the
eﬀects of parameters on the frequency shifts are investigated. Several trends can be obtained as follows:
1. The eﬀective domain of measurement depends signiﬁcantly on the inclined angle.
2. The frequency shifts are aﬀected obviously by the direction and the magnitude of the inclined angle.
3. The inﬂuences of the tip-surface distance and the amplitude of excitation on the ﬁrst frequency shift are
great, but those on higher modes are small.
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